In this paper, we consider separable nonlinear delay differential systems and we establish conditions for global asymptotic stability of the zero solution. Applying these, we offer improved 3/2-type criteria for global asymptotic stability of nonautonomous Lotka-Volterra systems with delays.
Introduction
Let us consider the following separable nonlinear delay differential system: ⎧ ⎪ ⎨ Concerning the special case of n = 1 and f (x) = x, there are many papers on a condition λ < 3 2 of global asymptotic stability for the zero solution of (1.1), for instance, Yorke [16] , Yoneyama [13, 14] , Muroya [9] for m = 1 and Krisztin [6] for distributed delays (see also Arino et al. [1] , Györi and Ladas [5] , Kulenovic et al. [7] and Yoneyama and Sugie [15] ). On the other hand, for the case of n = 1 and f (x) = e x − 1, by Gopalsamy et al. [4] it was obtained a condition λ = r(m + 1) log 2 of global asymptotic stability for the zero solution of (1.1), where each a l 11 (t) is a constant ra l with m l=0 a l = 1 and each τ l 11 (t) is a piecewise constant delay [t − l], 0 l m (cf. Gopalsamy [3] ). Here, [t] means the maximal integer not greater than t. By So and Yu [12] , this condition was improved to λ = sup n m n+1 n−m r(s) ds 3 2 for variable coefficients a l 11 (t) = r(t)a l , 0 l m, with m l=0 a l = 1 (see also Yu [17] and Zhou and Zhang [18] , and cf. Furumochi [2] , Seifert [11] and Matsunaga et al. [8] for a piecewise constant delay).
Recently, for a nonautonomous Lotka-Volterra competition system with distributed delays but without instantaneous negative feedbacks, Tang and Zou [19, 20] have established some 3/2-type criteria for global attractivity of the positive equilibrium of the system.
In this paper, applying the techniques used in So and Yu [12] , Muroya [10] and Tang and Zou [19, 20] to the above separable nonlinear delay differential system (1.1)-(1.4), we establish conditions for global asymptotic stability of the zero solution (see Theorem 2.1). In particular, for the case of f (x) = e x − 1, we offer explicit conditions of 3/2-type which is our main result in this paper as follows. For general cases (1.3) of f (x), see Theorem 2.1. For an application, we offer a "3/2-type criteria" for global asymptotic stability of nonautonomous Lotka-Volterra differential systems with delays (see Theorems 1.2 and 1.3).
First, we consider the following nonautonomous Lotka-Volterra differential system with delays:
where we assume and put Second, we consider the following nonautonomous Lotka-Volterra competition system (normalized) with distributed delays: 14) where τ = max{τ ij | 1 i, j n} and we assume for 1 i, j n, 
Then, the positive equilibrium
For system (1.14), we shall establish the following result.
Theorem 1.3. Assume that (1.16) holds, and that
Note that sinceū * (1 + μ i ) 1, we have
Therefore, Theorem 1.3 improves and extends some of those of Tang and Zhou [19, 20] to nonautonomous Lotka-Volterra competition system (1.14) with distributed delays.
Global stability for separable nonlinear delay differential systems
In this section, we first consider global stability conditions for solutions of a separable nonlinear delay differential system (1.1)-(1.4). Without loss of generality, we may assume that m l=0 a l ii (t) > 0 for t t 0 . Applying the techniques used in So and Yu [12] , Muroya [10] and Tang and Zhou [19, 20] , we obtain the following lemmas and theorems.
Lemma 2.1. Let {y
is bounded above and below. Since by Lemma 2.1, y k (t), 1 k n, is bounded above and below, for
Proof. Let us consider the case that lim
Then,
Hereafter without loss of generality, we may assume that U = U i and V = −V j . For a sufficiently small > 0, we choose an integer T = T ( ) > t 0 such that for v 1 ≡ V + and u 1 ≡ U + ,
Then, we provide the following lemma. is sign-definite eventually, is similar and its proof is omitted. Hence, we complete the proof. 2
The following lemma is a basic result in this paper. and take a constant λ * > 0. Then for λ > 0 defined by (1.5), it holds that
where we define that F (0, λ) = G(0, λ) = 0 and for 0 < u <ū and 0 < v <v,
and for a constant λ * > 0, 
and hence
Substituting this into (1.1), we obtain that
Thus, combining this with (2.8),
Therefore, we have that
(2.10)
from (2.10), we obtain that
In particular, for λ i < λ * , we put h t = ξ t . Then, by (2.7),
On the other hand, for λ i λ * , since 0 λ i − λ * λ i , we take h t as λ i − λ * = h t ξ t r i (s) ds, then by (2.7),
Thus, for λ i λ * ,
Then, letting → +0, we obtain the first part of (2.5 
Now, for λ > 0, consider the following function Q(p) of p:
Then, from
Then, we see that
Hence, we have
Q(p) Q(p).
We choose h t in (2.11) as
Then, for λ > 0, we have that
and we obtain the second part of (2.5). This completes the proof. 2
By Lemma 2.3, we obtain a general result in this paper as follows. Proof. Similar to the proof of Lemma 2.3, we can easily prove the uniform stability of the zero solution for (1.1). Therefore, it suffices to prove that for λ λ , (2.13) implies u = v = 0. Suppose that u, v > 0. Then from (2.5), we have that for λ λ ,
Thus, by assumptions, we have that u = 0 or v = 0, each of which implies u = v = 0 by assumption (2.5). Hence the proof of Theorem 2.1 is complete. 2
For the zero solution of system (1.1)-(1.4), by Theorem 2.1, we provide globally asymptotically stable condition that (2.13) implies u = v = 0 which is able to investigate by computations.
Proof of Theorem 1.1. By Lemma 2.3, we have (2.5) and for particular case of f (x) = e x − 1, (2.6) and (2.7) are equivalent to 14) and for a constant λ * > 0,
For f (x) = e x − 1, we may takev = 1 in (2.4) and put λ * = 1 andλ = 3 2 − 3 8 μ in (2.13) and (2.15). Since for 0 < v < 1,
we have that
4! , λ 1. Then, for 0 < v < 1 and λ < 1, So, by (2.4), we may takeū = 2. Similarly, for 0 < u <ū, we obtain that
u log(1 + u) < 1 and by (2.14), 12), (1.10) becomes (1.13) . Thus, we have that the positive equilibrium (u * 1 , u * 2 , . . . , u * n ) of (1.7), is globally asymptotically stable. 2
Proof of Theorem 1.3. By employing similar arguments used in the proof of Theorem 2.2, we can prove Theorem 1.3 to the nonautonomous system (1.14) with distributed delays. 2
